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Abstract. In this paper, we study the following singular nonlinear elliptic 
problem 

, .,<* ,. lr _o I u\ q ~ 2 u . ^ 

(— A)2u = X\u\ u + fi —j—j— m 17, 

a) 

u = 0 on <90, 

where O is a smooth bounded domain in M. N with 0 € O, A, /i > 0,0 < s < a, 

(—A) "2 is the fractional Laplacian operator with 0 < a < 2. We establish 
existence results of problem (1) for subcritical, Sobolev critical and Hardy- 
Sobolev critical cases. 


1. Introduction 


\u\ q 2 u 


in 17, 


The main objective of this paper is to consider the following fractional Hardy-Sobolev 
elliptic problem 

(—A) 2 u = \\u\ r ~ 2 u + fi- 

Fl " ( 1 - 1 ) 

u = 0 on <917, 

where 17 is a smooth bounded domain in M. N with 0 G 17, A, fj, > 0, 0 < s < a. We define 
fractional Laplacian operator (—A) 2 with 0 < a < 2 as follows. 

Let {(Abe the eigenvalues and corresponding eigenfunctions of the Laplacian 
operator —A in 17 with zero Dirichlet boundary values on <917 normalized by ||^fcIlz> 2 (r 2 ) = 

i.e. 

—A ipk = A k<Pk in 17; <Pk = 0 on <917. 

a. 

We define the space Hq (17) by 

OO OO 

Hq (17) = |u = € L 2 ( 17) : ^ X k u l < °°}> 


k =1 


k =1 


which is equipped with the norm 


m « = 


J2 x k u l 


k =1 


Key words: Critical Hardy-Sobolev exponent, decaying law, existence. 
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For any u € H 0 2 (H), the fractional Laplacian (—A) 2 is defined by 

00 

ot % ^ — 

(-A) 2 u = 2^ \£u k <Pk, 
k =1 


which is a nonlocal operator. In [7], by using Dirichlet-Neumann mapping, elliptic problems 
with fractional Laplacian in R N can be converted into local elliptic problems. This argument 
was applied to bounded domains in [1, 2, 5, 6, 22], Precisely, let Cq = fl x (0, 00 ). We define 

H o z,(Cn) = {w G L 2 (Cq) : w = 0 on d L C n , K a f y 1_a |Vu;| 2 dxdy < 00 }, 

JCn 

which is a Hilbert space with the norm 

IMI H\(C n ) =Ka y 1 ~°‘\^ w \ 2 dxdy. 

0,L JCn 

OL 

For any u € H 0 2 (H), the unique solution w € Hq l (Cq) of the problem 


' —div(y 1 a Vw) = 0, Cq, 

< w = 0, OlCq = dQ x ( 0, 00 ), (1.2) 

w = u, Six {0}, 


is referred to be the extension w = E a (u) of u. We know from [1, 2, 6] that the mapping 
E a : H 0 2 (H) —X Hq L (Cn) is an isometric isomorphism, and we have 


u 


It was shown in [7], see also [2] etc, that 


-k q lim y 

2/-X0+ 


- \\ E a(u)\\ H l^ Cn y 


l- a dw a 

= (-A)2 U . 
dy 


(1.3) 


Hence, the restriction of solutions of problem (1.2) in H are solutions of problem (1.1). Using 
this sort of extension, one can study the existence of elliptic problems with the fractional 
Laplacian by the variational method, see [1], [2], [5] and [22] etc for related results. Now, 
we may reformulate the nonlocal problem (1.1) in a local way, that is, 

' div(y 1 ~ a 'Vw) = 0 in Cq, 

< w = 0 , on d L Cn, (1.4) 

„ lim^o y 1 -* Is; = \\w\ r ~ 2 w + y * w in H, 

where ^ is the outward normal derivative. We then turn to study the equivalent problem 
(1.4). Define on Hq L (Cq), the functional 

I(w) = o [ y 1_a |V?u(x, y)\ 2 dxdy - f \w\ r dx — — f —dx. (1.5) 

2 Jen r Jn Q Jn Fr 

Critical points of I{w) are weak solutions of (1.4). 

In the case a = 2, problem (1.1) with Hardy-Sobolev term has been extensively studied, 
see for instance [8, 13, 15, 16, 17] and related references. If0<a<2, s = 0 and q = 
2* = jJA- , problem (1.1) is Brezis-Nirenberg problem with fractional Laplacian. In [22], 
existence results were found for the case a = 1, while the general case was considered in [1], 

The main difficulty of such a problem is the lack of compactness. As in [4], the compactness 
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can be retained below levels related to the best constant S ^ of the trace inequality, that is 
the Palais-Smale condition holds for values below these levels, where 

f Cn y X ~ a \yw{x,y)\ 2 dxdy 


nE _ 

^ rv 


inf 


| w(x, 0) | 2 “ dx 


The constant S& is related to the best constant S a of fractional Sobolev inequality: 


s = . nf In \(-A)"u(x)\ 2 dx 
u<=h^( n) ^ \u(x)\ 2 a dx^j 2 “ 


In fact, by [2], 5® = k a S a with the constant k a given there. In the case II 
known from [9] that S a is achieved by functions with the form 


U(x) = U £ (x) 


N-a 
£ 2 


(e 2 + |x| 2 ) 


N-a 

2 


R n , it is 


( 1 . 6 ) 


for e > 0. Furthermore, in this case, Sjf is also achieved, the minimizer actually is w = 
E a (U ), see [1] for details. However, the explicit form of E a (U ) has not been worked out 
yet. To verify ( PS) C condition, it is necessary to investigate further properties of E a (U). 
By ( PS) C condition for I we mean that any sequence {w n } C l (Cq) such that I(w n ) — > c 
and I'(w n ) —> 0 as n —> oo contains a convergent subsequence. 

In this paper, we consider the existence of solutions for problem (1.1), or equivalently, 
problem (1.4) in both subcritical and critical cases. 

Denote by L 9 (D, |4p) the weighted L p space. Invoking (1.3) and results in [27], we see 
that the inclusion 

is continuous if 2 < q < 2* (s) = , and is compact if 2 < q < 2* (s). The exponent 

2* (s) is called the critical exponent for fractional Hardy-Sobolev inequality. 

In subcritical case, that is, 2 < q < 2*(s), 2 < r < 2*, we show that problem (1.4) 
possesses infinitely many solutions by critical point theory. Let 


y s = inf 


fc n yl “l Vw l 2 dxdy 


r |id(x,o )| 2 
Jf2’ jip 


dx 


(1.7) 


Indeed, we have the following results. 


Theorem 1.1. Suppose that 0 < s < a, 2 < q < 2* (s), 2 < r < 2* . If either (i) q > 2 or 
(ii) q = 2, 0 < y < y s , problem (1.1) has infinitely many solutions. 


If q = 2, s = a, problem (1.1) is related to the fractional Hardy inequality 

dx < C a> N / |(—A) 4 u(x)\ 2 dx, 

Jn 

which was investigated in [10], [12] and [26], and the best constant C at N was computed. By 
(1.3), p a in (1.7) can also be worked out. We obtain existence results for subcritical case 
2 < r < 2*, and nonexistence result for critical case r = 2*. Precisely, we have 
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Theorem 1.2. Suppose that q = 2, s = a. 

(i) If 2 < r < 2* and 0 < n < fi a , then problem (1.1) has infinitely many solutions. 

(ii) If r = 2* and Q is a star-shaped domain, then (1.1) does not possess nontrivial 
solution. 


If r = 2*, where 2* is the critical fractional Sobolev exponent, this is critical fractional 
Sobolev problem with singular perturbation term. We may deduce in spirit of [1, 4, 22] the 
following results. 


Theorem 1.3. Suppose 0 < s < a, r = 2* and 2 < q < 2* (s). 

(i) If q > 2, then problem (1.1) possesses at least a positive solution provided that N > 


(ii) If q = 2 and 0 < pL < )i s , then problem (1.1) possesses at least a positive solution 
provided that N > 2a — s. 

Finally, if q = 2*(s) = , it is a critical Hardy-Sobolev problem. If a = 2, such 

a problem has been studied by [8, 13, 15, 16, 17] etc. The exponent 2* (s) is the critical 
exponent for the fractional Hardy-Sobolev inequality 



tt ( x )| 2 a( s ) 

|x| s 


dx) 2 £( s ) 



|(—A) 4 u(x )| 2 dx. 


( 1 . 8 ) 


The description of the compactness for critical Hardy-Sobolev problems is closely related 
to the best constant S SjCt for the fractional Hardy-Sobolev inequality: 


S,_ n = 


inf 


|(—A) 4it(x)| 2 dx 


u&H?(R”),u^0 ( 


|u(a;)| 2 a4 s ) 

M s 


dx) 


2£(i) 


(1.9) 


where the space H 2 (R N ) is defined as the completion of Cq°(M . n ) under the norm 


Ml 2 


H »( M . N ) 


|(—A) 4'u(x)| 2 dx. 


A minimizer of the minimization problem S s , a will be used as usually, to verify ( PS) C 
condition for critical Hardy-Sobolev problems. It was proved by [26] that S s a is achieved 
by a positive, radially symmetric and non-increasing function. But, an explicit formula as 
(1.6) for the minimizer has not been found yet. Hence, we need to find further properties 
of the minimizer u, such as decaying laws, to verify ( PS) C condition. This will be done in 
section 3 by the Kelvin transform and elliptic regularity theory. Furthermore, estimates for 
|Vu| are also needed. Since u can be expressed be the Riesz potential, the decaying law of 
|Vzi| at infinity can be established by the decay law of u. However, |Vu| is possibly singular 
at the origin, it is required an estimate of singular order of |Vu| at the origin. These are 
shown in section 3. Eventually, we obtain the following results for critical Hardy-Sobolev 
problem. 


Theorem 1.4. Suppose that 0 < s < a, q = 2* (s). 

(i) If 2 < r < 2*, then problem (1.1) possesses at least a positive solution provided that 
N > ol + 

(ii) If r = 2 and 0 < A < Ai, then problem (1.1) possesses at least a positive solution 
provided that N > 2a ; where \\ is the first eigenvalue of (—A) a 1 in H. 

(in) If r = 2* and H is a star-shaped domain, then problem (1.1) does not possess 
nontrivial solution for any //, A > 0. 
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This paper is organized as follows. In section 2, we study the multiple solution results for 
subcritical problems and nonexistence results for critical problems. In section 3, we study 
the existence result for problem (1) with r = 2* and q = 2* (s) respectively. 

2. Subcritical problem and nonexistence 

In this section, we first show that in the subcritical case, problem (1.4) has infinitely 
many solutions, then we prove some nonexistence results. For this purpose, we will find 
critical points of the functional I defined by (1.5) by the following minimax theorem, which 
is Theorem 9.12 in [24]. 

Lemma 2.1. Let E be an infinite dimensional Banach space and let I G C' 2 (F1,R) be even, 
satisfying (PS) condition, and 1(0) = 0. If E = V ®X, where V is finite dimensional, and 
I satisfies 

(i) there exist constants p, a > 0, such that IdB p nx > cn, and 

(ii) for each finite dimensional subspace E C E, there is an R = R(E) such that I < 0 on 
E \ Br(E) ; 

then I possesses an unbounded sequence of critical values. 

Now we prove Theorem 1.1 and (*) of Theorem 1.2. In the case q = 2 in Theorem 1.1 
and Theorem 1.2, since 0 < p < p s , we remark that the norm 


UH = 


Cf2 


y l ~ a \S7w\ 2 dxdy - p [ dx w 

Jn 


\x\ 


is equivalent to the norm on Hq L (Cq). 


Proof of Theorem 1.1 and (i) of Theorem 1.2: We need to verify that the functional 
/ satisfies the conditions in Lemma 2.1, the conclusions then follow. We prove Theorem 1.1 
first, then we sketch the proof of (i) in Theorem 1.2. 

First, we show that (PS) condition holds for I. Let {w n } C Hq l (Cq) be a (PS) sequence, 
that is, 

| I(w n )\ < C and I'(w n ) —> 0 

as n —> oo. For the case q > 2, this implies that if r > q, we have 

~ - q )\\Wnt H l L{Cn ) + (^ - l^ X j Q \Wn(x,0)\ r dx <C + 0 (l)|K|| H l i(Cn) . 

While if r < q, one has 

,1 1 .. Il2 ,1 1. f \w n (x, 0)! 9 , ..... 

(2 “ r^ Wn ^Hl L (C n ) + (“ _ J n dx < C + o( 1 )||u; n ||^i i ( Cn ). 

These inequalities imply that {[['«;„,||f/ { | L (C n )} is bounded. Similarly, if q = 2, we have 

(2 “ “)II u; ^IIh 0 1 L {Cn) - C + o(l)\\w n \\ HlL{Cn) , 
which implies ||'R , n||//i L (c n ) bounded. 

Now, we show that {rc n } has a convergent subsequence. Since {w n } is bounded, we 
can suppose that, up to a subsequence, w n —^ w in l (Cq) as n —> 00 . By the Sobolev 
compact imbedding theorem, we have 


[ \w n (x, 0)| r dx —> [ \w(x,0)\ r dx 

in Jq 
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and 


as n —> oo. Therefore, 


/ 

Jn 


\w n (x, 0)| 9 


dx 


\x\ 


/ 

Jn 


| w(x, 0)|' ? 


dx 


Wltfi i(Cn ) ->■ A / Hx,0)| r dx + /i / 
J J 5T2 


n FI* 
w ( x , o )! 9 


dx = Hwllui 




/n FI 

as 77- —^ oo. The convergence w n —>• w strongly in follows from the fact that 

^ w and IKIlffi^Cn) “»• IMIffiJCn)' 

Next, let V = 0 and E = X = L (Cn) in Lemma 2.1. We claim that there exist 
constants p,a > 0, such that IdB p nx > «• Indeed, if g > 2, by the Sobolev embedding 
theorem, 

IM > ^ll^ i(Cn) - c\\w\\ r HlL{Cn) - c|M|^i i(Cn) , 

and if q = 2, we have 

/(» > C'i||u;||^i i ( Cn) - C 2 ||u;||^i t(Cn) . 

Therefore, we can choose a, p > 0 small enough, such that 

IdB p rx > a > 0. 

Finally, let E C Hq L (Cn) be a finite dimensional subspace. We claim that there exists 
R = R(E) such that I < 0 on E \ B R r§y 

Since E is finite dimensional, any norms on E are equivalent. So we have 
I{u) < Ci\\u\\ 2 h i^ c ^ - C 2 \\u\\ r H i L(Co) - C 3 \\u\\ q H i^ Cfl ) 

for any u £ E. Since 2 < r < and 2 < q < resu lt follows easily. Hence, the 

proof of Theorem 1.1 is completed by Lemma 2.1. 

The proof of (i) in Theorem 1.2 is similar to the above, we sketch it. In this case, we 
note that 

IMI = {J C y^lVw] 2 dxdy - p, dxy 

defines an equivalent norm as ||u;||#i L (C n )- Let {w n } C L (Cn) be a (PS) sequence. We 
can deduce as above that { w n } is bounded. So we have w n — 1 w and 


\w n (x, 0)| r dx —» / \w(x,0)\' dx, 

Jn 


and conclude that ||w n || —> ||u;|| asn-> oo.Thus, the (PS) condition holds. The proof that 
/ satisfying (i) and (ii) in Lemma 2.1 is the same as above, we omit it. So we have proved 
(i) of Theorem 1.2. 

□ 

Now, we prove nonexistence of solutions for critical case. It is deduced by Pohozaev 
identity for problem (1.4). 

Lemma 2.2. Let w £ Hq L (Cn) be a solution of problem (1.4). There holds 

N-a f 1 . |2 J J N ^ f I ir J 

- / y \S7w\ dxdy -/ \w\ dx 

2 Jc n r Jn 

_ —~—— [ T~E dx+ \ [ (y l ~ a ( x , v)i ^)|Vn;| 2 dS = 0, 

Q Jn FI 2 Jgnx k+ 
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where v is the unit outward normal. 


Proof. The proof is standard, we sketch it. Multiplying equation (1.4) by (Vw(s,j/), (x,y)) 
and integrating by part over Cr = 11 x [0, R], we get 


N — a 


f y^lVwf 
Jc R 


dxdy 




dflx [0,i?] 


(y 1 ~ a (x,y),v)\Vw\ 2 dS 


+ 


1 


(y 1 - a (x,y),v)\Vw\ z dS, 


■Jflx{R} 

nx r 
r Jn 


X 

r Jan 


y(N — s) f \w 


w\ r dx -\— / (x,v)\w\ r dS — — -— / -—'—dx 

Q Jn \x\ 


Q Jdn Fl s 


■dS + 


tdflx [0,R] 


y 1 a (Vw,i/)(Vw, (x,y))dS 


I y 1 a (Vw,i/)(Vw, (x,y))dS. 

Jnx{R} 

Since w € Hq l {Cq), we may find a sequence R n —>• oo such that 

/ (y 1 -“(x,r/), I /)|V U ;| 2 ^^0 

■jQx{R n } 

and 

[ y 1 ~ a (Vw,ix)(Vw, (x,y))dS 0 

as n —>■ oo. Moreover, the fact u; = 0 on dQ x [0, i?] enable us to deduce 

(Vw(x,y),v)(Vw,(x,y)) = ((x,y),v)\\7w\ 2 . 

The conclusion follows by setting R = R n in (2.1) and let n —> oo. 


( 2 . 1 ) 


□ 


Proof of (ii) of Theorem 1.2 and (Hi) of Theorem 1.4: The proof is a direct conse¬ 
quence of Lemma 2.2. We show (ii) of Theorem 1.2 as follows, the other case can be done 
similarly. In fact, a solution w of (1.4) satisfies 


f y 1 a \Vw\~ dxdy = X f \w\ r dx + y f 

J Cfi J I I 


dx. 


( 2 . 2 ) 


Under the assumptions (ii) of Theorem 1.2, i.e., r = ™ , q = 2 and s = a, Lemma 2.2 and 
(2.2) yield 


r 90xR+ 


(y 1 - a (x,y),v)\Vw\ 2 dS = 0 


Since is star-shaped, we conclude that Vw = 0 on dQ x [0, oo). The unique continuum 
theorem implies w = 0. □ 
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3. Critical case 


In this section, we deal with the existence results for critical problems. For problem (1.1), 
or equivalently, problem (1.4), we consider both the case that nonsingular nonlinear term 
|u r ~ 2 u with critical Sobolev exponent r = 2* and the case that singular nonlinear term 
Hardy-Sobolev exponent q = 2* (s). 


3.1. Nonsingular term with Sobolev critical exponent. We suppose in this subsec¬ 
tion that 0 < s < a, 2 < q < 2* (s). In this case, we may proceed as [1]. We will prove 
Theorem 1.3 by the mountain pass theorem [24], Let C* = . It can be shown as 

Lemma 5 of [1] that that the functional I satisfies ( PS) C condition for c £ (0,(7*). We need 
to verify that the mountain pass level is below C*. 

Denote by w £ = E a (U e ) the extension of U £ given in (1.6). We recall that for any 
u £ (M. n ), the extension w of u has an explicit expression by the Poisson kernel: 


w(x,y) = P«*u(x) = Cy a [ 

Jr 1 


u(z) 


/I 19 o\ N 

(|x — z | + 2T) 2 


dz. 


(3.1) 

Let (po(t) £ C°°(M_)_) be a non-increasing function satisfying that ipo(t) = 1 if 0 < t < 
and <po(t) = 0 if t > 1. Choose p > 0 such that B^{ 0) C Cq. Denote 


<p(x,y) = v P (x,y) = Vo (—), 

P 


(3.2) 


where p xy = \(x,y)\. Then, ipw £ £ H^ L (Cn). 

Lemma 3.1. For e small and N >2 a — s, there hold 

(i) fca y 1_Q |V(^u; £ )| 2 dxdy = \\w e \\ 2 H i l(Co) + 0{e N ~ a ). 

(ii) f Q |^u £ | 2 “ dx = \\u £ \\% + 0(e N ). 

(Hi) f n dx > Ce 9L 2 Kq+N ~ s . 

Proof, (i) was proved in [1], We only prove (ii) and (iii). As for (ii), we have 


u 2 “ — (cpu £ ) “ | dx 
r-N 


< c 


[ 

JR 


R N \Bp (o) [e 2 + M 2 ]^ 


dx 


Ir n \b p (o) [1 + \%\ 2 ] N 

2e 

/ oo 

s~ N ~' ds 

= 0(s N ), 


this proves (ii). 
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Similarly, for (iii), since N > 2a — s, we have 

(<pue ]g 


I 


R N \ x \ 


> 


dx 




0) FI 


= c 


L 


dx 


( N—a)q 
£ 2 


_ (N—cx)q 

Bp( o) |x| s [e 2 + \x\ 2 ] 2 


dx 


{N—ct)q 


= £ n ~ s ~ 


L 


n (N — a)q 

Bp (0) |x| s [l + |x| 2 ] 2 


dx 


. „ JY J (N—a)q 

> Ce 2 


□ 


Proof of Theorem 1.3: Without loss of generality, we assume that A = 1 . First, we 
treat the case (i). We may verify that the function 


t 2 r „ f 2 £ r 

/(*) = ^ /^J^l dxd v-^r / 


+ 2 * 


K(x,0)| “ dx := —A - —5 


attains its maximum at to = ( 5 ) 2 “ -2 • Consider the function / : [0, oo) —» M, 

where / is defined by /(f) = I(t(ipw £ )). Obviously, /(f) attains its maximum at some 
t e > 0, and it is standard to see that t e —>• to as e —>• 0. In terms of Lemma 3.1, we deduce 
that 

f{te) < | / |V | 2 dxdy - ^ / K(x, 0 )| 2 “ dx + 

2 ,7r^+ 1 2* /rIV 

which implies by the assumption N > 2 ^ a q s ^ + a that 

f{te) < £f{SjH)Z 

for e small enough. Since I satisfies the ( PS) C condition for c € (0,^(5®)'^), then 
it follows from the Mountain Pass theorem that the functional I possesses at least one 
nontrivial critical point. 

Next, we deal with the case (ii). In this case, it is easy to verify that I possesses the 
Mountain Pass structure since 0 < ^ < fj, s . Moreover, it was proved in [1] that I satisfies 
the ( PS) C condition for c £ (0, )"“ )• To prove that / possesses a nontrivial critical 

point, it is sufficient to show that the Mountain Pass level of I is below . With 

the same notations as above, we have 

f(t e )< | / |V«; e | 2 dxdy-'% r [ \w e (x, 0)| 2 “ dx + Ce N ~ a + Ce N — Ce a ~ s . 

2 JR/+ 1 2* J r n 


Since N > 2a — s, we deduce that 

for e small enough. This proves (ii), 


m < 2 n( s *)° 


□ 
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3.2. Singular term with Hardy-Sobolev critical exponent. We assume in this sub¬ 
section that 2 < r < 2*, q = 2* (s). We first establish a prior bound for the ground state 
solution of 

Q u 2iw-i 

(-A)a u = —~ - in R N . (3.3) 

l x r 

The extension v G V 1,2 (y 1 ~ a , M+ +1 ) of the ground state solution u of (3.3) satisfies 


div(y 1 a Vv ) = 0 

l™V->o(j/ 1-a g£) = 




in 

in 



(3.4) 


where V 1 ' 2 {y l Q ,M+ +1 ) is defined as the closure of C'(j’°(M+ +1 ) under the norm 


\w 



y 1 “| Vui\ 2 dxdy 


1 

2 


The function v is also related to the minimizer of the variational problem 

Ir n +i y 1-Q |Vu;(x,y)| 2 dxdy 


QU - 


inf 

weV 1 ’ 2 (y 1 ~ a ,' a ’ N+1 ^ 


1} \ {0 } (U lw( Xf a(9) 'dx)^ 

To find decaying laws for solutions of (3.4), we consider the linear problem 


J div(y 1 a \7w) = 0 in 

{lim :y _ 0 (2/ 1 -“^) = ^ m R N 


N+l 
+ ’ 


(3.5) 


For D C M+ +1 , dD is the boundary of D in M^ +1 . Denote d'D = D n cM+ +1 and 
d"D = dD\ d'D. 


Lemma 3.2. Suppose a G D-’( R N , |4j) and w G V l ’ 2 (y l a : R+ +1 ),w > 0 is a solution 
of (3.5). Then, there exists a positive constant C = C(N,s,a , IIaII <*- s ) such that 


sup W < C'|H| L 2 (j/ l-a j Q H ) 


Q i 


Proof. Denote Qr = Bn(y) x (0 ,R). Suppose 0 < r < R < 1. Let £ G Cq(Q\ U d'Q i) 
with £ = 1 in Q r , £ = 0 outside Qr and |V£| < jpPr- Let k > 0 be any number which is 
eventually sent to 0. Let q = ^r, w = w + k. Define 

f w if w < m, 

U)rrr — 17 , • c — 

[ k + m it w > m. 

Consider the test function 

V = e(^- 2 w - k2*- 1 ) G Hl L (R^ +1 ). 



y 1 a \/wV?]dxdy = 


J 


a(x) 


\ x \ 


wr) dx. 


By (3.5), 
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We deduce 

/ y 1 ~ a 'Vw'Vri dxdy 

J R ^ +1 

= [ 2 / 1 _Q ? 2 ^m ^ 2 [( 2 9 - 2)\\/w m \ 2 + \Vw\ 2 ]dxdy 

y l - a ^{w^- 2 w - k 2q ~ l )\7£y w dxdy 
: [ y 1 - a eu’^~ 2 [(‘2q-2)\Vw m \ 2 + \Vw\ 2 ]dxdy 

J R ^ +1 

- [ y^iC^tfw 2 ^ 2 ™ 2 + eew^lVwl 2 ) dxdy. 

J R ^ +1 

On the other hand, by Holder’s inequality, 


+ 2 


> 


/ 


a(x) 


R N \ x \ 
< 


■wrj dx 


N-s 


|a(a)| a ~ s 


dx 


a — s 
N-s 


\iw1n 1 ^(CC, 0)| 2 S,c 


dx 


Hence, 


B. N r\supp^ I® I 

f y^e^m - 2)\Vw m \ 2 + |Viu| 2 ] dxdy 
J R ^ +1 

<C e [ y l - a \Vt\ 2 w 2 r q - 2 w 2 dxdy 

J R ^ +1 

N^)!^ dx \*5 ( f |fo&~ 1 w(s,0)| 2: -°- ^ 2 f^ 


+ 

/ ’K N C\supp£ 1*^ 

Let U = w^ 1 w. We have 

|2 


\X\ 


and then 


|W | 2 < C(2q - 1)[(2 q - 2)w 2 r q ~ 2 \S7w rn \ 2 + v%~ 2 \Vw\ 2 ], 
f y l - a em\ 2 dxdy 

J R ^ +1 

<C(2q-l)\ / y l ~ a i 2 \U\ 2 dxdy 

L 7r ^ +1 

o(a)|^ t&( [ |^(a,0)| 2; '° 


R w n supp£ \ x \ 


dx 


R M \ x \ 


Consequently, 


/ y 1 -a |V (££/)| 2 dxdy 

J R ^ +1 


<C(2g-l)[/ y l ~ a \m 2 d X dy 

L 7r^ +1 


N-s 


+ 


|a(a)| «- 
’R N nsupp£ x I 


■ dx 


a — s 
N-s 


|CH(x, 0 )| 2 ^ 


R M \ x \ 


dx) 2a ’ a 
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By the Sobolev inequality and Hardy-Sobolev inequality, 
f y 1 - a \V(SU)\ 2 dxdy 

J R ^ +1 




\ZU{X,0)\ 2 ':° ^ 2 


+ ^ V^mfdxdy 

2 lw N + 1 


a — s -.j | 

Since a G L N ~ s (M , dx), we may choose R > 0 small so that 

/ I/ 1- “|V(£17)| 2 dxdy < C(2q - 1) / y 1_a |£[/| 2 dxdy 

J K ^ +1 dR ^ +1 

Now, the proof can be completed as the proof of Proposition 3.1 in [25]. 


□ 


It was proved in [27] that problem (3.4) possesses a ground state solution u, which 
is radially symmetric and monotonicity decreasing in |x|. One may verify that u e (x ) = 

OL — N 

e 2 u( f) also solves problem (3.4) for any e > 0. However, it is not known the explicit 
formula of the ground state solution. Let w be the extension of u. To study critical problem, 
we need to establish decaying law of w at infinity. 

Lemma 3.3. Suppose w G D 1,2 (y 1 ~ a , M(^ +1 ) is the extension of a ground state solution u 
of (3.4). Then, there exists a positive constant C > 0 such that 


w(x,y) < 


C 


. , , „. N — ol 

(1 + |XP) — 


for X = (x,y) G M++ 1 . 


Proof. Consider the Kelvin transformation 


w(X) = 

of w. If re is a solution of (3.4), then w is also a solution of problem (3.4). Moreover, we 
have 


[ y l ~ a \Xw\ 2 dxdy <C, 

J R ++ 1 



dx < C. 


(3.6) 


In equation (3.4), we choose a(x) = ■u) 2 “6 i ) 2 (cc, 0), then a G L N ~ s (R N , _). By Lemma 

3.2, w G L^ C (R+ +1 ). It results that for X G Qi, we have |X| _Ar+ "u;< C for a 

positive constant C. Hence, if |X| > we have w(X) < C\X\ a ~ N . In the same way, we 
have w(X) < C \i \X\ < . The assertion follows. □ 

Now we give a decay estimate for the gradient of the ground state solution u. 

Lemma 3.4. Let u G H 2 (R^) be a positive solution u of (3.3). Then, there exists a 
positive constant C > 0 such that 


if x € M. N , and 
for |x| > 0. 


u(x) > 


C 

(1 + |x| 2 ) 


N — a 
2 


|Vu(x)| < Cjxr (N+1 ~ a) 


(3.7) 

(3.8) 
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Proof. First, we consider the case \x\ > 1. By Lemma 3.3 and Proposition 2.6 in [14], there 
exists /3 £ (0,1) such that the extension w of u belongs to C) 1 ^ (R^ +1 \Qi). In particularly, 
u £ C}f c (R N \ -£>i(0)). Obviously, solutions of (3.3) can be expressed by Riesz potential as 


u(x ) = / 

J K 


N-\-a — 2s 

u(y) N ~ a 
e at \y\ s \x - y\ N ~ a 


dy. 


(3.9) 


Therefore, for |x| > 1, 
du 


u(y)' 


N+a — 2s 


(x) = (a — N) I , — riv - ? — ttt~ — ^7 dy. 

dxi Jrn \y\ s \x - y^-^- 1 ) \x - y\ U 


We infer from Lemma 3.3 that 

\^(x)\<C ( 

OXi J R 


r n \y\ 


N-s+a\ x _ y|7V—(“—1) dy ( \ X 


{s-l)-N 


where the last equality follows from page 132 in [19]. Since s < a, we have |g^-(x)| < 
C'|cc|(“— 1 )~ iV , that is, (3.8) holds in the case |x| > 1. 

Next, we deal with the case 0 < |x| < 1, and meanwhile we bound u(x) from below. We 
note that the Kelvin transform v{x) = | T |jv_ a u( j^i) of u(x ) is also a solution of (3.3), and 




so v satisfies (3.9). As a consequence of Lemma 3.3, 

, x C 

v(x) < 


/ i ir»\ N — a 

(1 + |x| 2 ) 2 


for x £ M N . By Proposition 2.4 in [14], v is Holder continuous. This implies that there 
exists a positive constant C > 0 such that v(x) > C if |x| < 1. In other word, 

C 


u(x) > 


X 


N-a 


if |a:| > 1, (3.7) follows. Now, we prove (3.8) for 0 < |x| < 1. We know that 

|Vu(x)| < C\x\-( N+1 ~ a) 

holds for |x| > 1. We remark that v is radially symmetric. Thus, if 0 < r = |x| < 1, we 
have - > 1 and 


v[ - ) < Cr 

T 


N-a 


\v'(-)\ < Cr N ~ a+1 


(3.10) 


Furthermore, by (3.10), for 0 < r < 1, 


u(r) = 


1 


.N-a 


satisfies 


\u'(r)\ = (a — N)f 


a—N—1 


V 


i 

r 

+ Cr 


_ r a-N-2 v ,fl 


(jy, a —N—l^,N—a j f ~i^a—N—2 lr ,N—a+l 


< Cr 


-l 


Consequently, if 0 < r < 1, 

The assertion follows. 


|u'(r)| < 


C 




□ 


The next lemma concerns some properties of the extension w of u. 
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Lemma 3.5. Let w be the extension of u. 

C 


(i) If 0 < a <2, then \Vw(x,y)\ < jw(x,y) < y ^ x ^ N - a - 
(H) If l < a <2, then \Vw(x,y)\ <- Tv-^-d ■ 

(\x\ 2 +y 2 ) 2 

CV -JV" 

(in) Let w £ be the a-extension of u £ , then w £ = e - a - w { f , |). 


Proof. We denote P y (x) = 


v 


iV-fa 


w 


(\x\ 2 +y 2 ) 


(x,y) = 

Jr 1 


the Possion kernel of (—A) 2 , then 


■u(z) dz. 


I 10 „ N+ct 

\x — z\ z + y z ) 2 


Direct calculation shows that for i = 1, • • • ,7V, 
dw(x,y) 


dxi 


< (TV + a) 
N + a 


f - 

R N (|x — z\ 2 + y 2 ) 2 + 1 


< 


/ 

Jr 


y 


2 y ./r^ (|x — z| 2 + y 2 ) 2 


■u(z) dz 


= —w(x,y) 
V 


Similarly, we have 


dw(x, y) 


dy 



/ 


ay 


,a— 1 


,o f7E+E< z ) dz 
R N (|x — z\ 2 + y ) 2 


(TV + a) [ 

Jr 

7 

Jr^ 

- / 

jR i 


y 


a+l 


(7 — 7 2 + y 2 ) 2 +1 
y“ _1 [a7 - ^l J - N V 2 } , ^ j 

---- 9 ,^+a +1 “(*) dZ 

(|x — z\ 2 + y 2 ) 2 +i 


u(z) dz 


y 


a—1 


I 19 9 \ N+a 

\x — z\ z + y z ) 2 


■u(z) dz 


= —w(x,y). 

y 

(i) follows by Lemma 3.3. 

For (ii), if we denote P(x ) =- 1 N+a , then Pffix) = -jj-P(f). So we have 

r. . - y y K y' 


[i+MT 
w(x,y) = 


I m N y 


■N 


p 


Hence, we have 


dw(x, y) 


dy 


x — z 


x — z. 


u(z) dz. 


u(z) dz 


-f ~P( 

dy Jrn y N 

d f 

— / P(z)u(x - yz) dz 
dy J rjv 

/ P(z)(Vu(x — yz), z) dz 

Js. N 

[ P(—)4<—.Vu(*)>dz 

J rn y y 7V y 
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By Lemma 3.4, 


dy 


dw(x, y) ^ f 1 p( x-z 
Jrn y N y 

uJ 


— Z' x — z 


1 


y \z\ N ~ a+1 

y a \ x — z \ 


dz | 


i / 

JR 


yN+a( j + 1 V |4 V - Q+1 

dz\ 


dz | 


y 

y*~l i 


»r / o . | 1 9 \ _i |~|iV—a+1 

R N ( y 2 + |x — z| 2 ) 2 H 

c 


n n N-(a-l) ’ 

(|x | 2 + y 2 ) 2 


where the last inequality holds since a > 1 and the (a — l)-extension of 


is 


(M 2 +y 2 ) 2 


. Similarly, we have 


dw(x,y) 


dxi 


< 


< 


[ p {- —-)-^|Vu(*)|dz| 

/RN y y N 

1 


< 


l L v nP{ 

I / 

/ 


x — z. 


y \z\ N ~ a+1 
dz\ 


dz | 


Py (X Z)' N _ a+l 


y 


a —1 


i 


|x — 2| 2 + y 2 ] 2 

C 


NH^2) UlJV-(a-l) 


dz 


1 ) ' 

+ y j 2 


This proves (ii). 

(iii) follows from the scaling invariance of u £ and P. 


□ 


Let <p(x, y ) be defined as in (3.2), and let u > 0 be a ground state solution of (3.3), which 

OL — N 

is radially symmetric. Denote by w the extension of u. Set u £ (x) = £~~u(~). Then, the 

a — N 6 

extension w £ (x) of u e (x) is given by w £ (x,y) = ?u(|, f)- 

Lemma 3.6. We have the following estimates 

(i) ||<^||^ (Cn) < M 2 h 1l( c^ + 0(e N -«). 

(ii) If N > 2a, then > Ce a , and if N = 2a, ||</7 u £ ||| 2 (q)|| > C£ a \\n£\; 

(™) In WU \x\^ S) dx = Irn |M ty S> dx + 0(e N ~ s ). 

dx > Ce 2 ^^- 8 for q < 2 * (a). 


( iv ) /nnip 

(v) J n > Ce^+ n K2<r<^. 


Proof. We prove (i) first. Note that 


ow, 


' e "Hl L (Cn) 


f y 1 a (ip 2 \Vw £ \ 2 + \w £ \ 2 \S7y\ 2 + 2w £ <p(\7w £ ,Vp)) dxdy 
JCo. 


~ " We "Hl L (C n ) 


+ [ y 1 a \w e \ 2 \Vp\ 2 dxdy + 2 f y 1 a w £ ip\S/w £ \\S/ip\ dxdy 
JCn JCn 
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By Lemma 3.3, 


[ y l ~ a \w £ \ 2 \S7^\ 2 dxdy 

Jc n 

<C f y 1 ~ a w 2 

' {^<Pxy<p} 


N-a 


< Ce 
= 0(e N ~ a 


f P _ y l ~ a P 2 xy~ N) dxdy 


{z—Pxy—P} 


Similarly, 


< C 

< e 

= £ 


f y 1 a w £ ip\S7w £ \\\7y\dxdy 
JCn 

L 


{z—Pxy—P} 
a—N—1 


y a w £ \Vw £ \dxdy 


{ 2—Pxy—p} 


y 1 a \w(^,^)\\^wC^,^)\dxdy 


V 1 a w(x,y)\X7w(x,y)\dxdy. 


'{£<P*y< f} 


For (x,y) 6 {(x,y) : £ < p xy < f }, we have 

w(x,y ) < 


C 


^P.'jN—a 


= Ce 


N-a 


By (i) of Lemma 3.5, if 0 < a < 1, 

[ y l - a wM\7w e \\Vv\ dxdy < e 2 ( JV -“)+ 1 
JC n 

If 1 < a < 2, we deduce from (ii) of Lemma 3.5 that 

[ y 1 ~ a w £ (p\Vw £ \\Vip\ dxdy < £ 2 ( N ~ a + !) 

JCn 


{£<P*v< fl 


y~ a dxdy = 0(e"~ a ). 


y l ~ a dxdy = 0{e N ~ a ) 


The assertion (i) follows. 

Next, we show (ii). By Lemma 3.4, 


{£<P*y< f} 


[ \<P 

Jn 


u F r dx > 


u 2 dx 


'{M<§} 


uf dx + 


u 2 dx 


'{M<e} •''{ £ <M<£} 

[ £ a - N u(-Ydx + 


= Ce a + e° 


L 




■(!)' 


e a N u ( - ) dx 


u 2 (x) dx 


> Ce a + Ce a 


L 


2e 1 


t 


N-2a+l 


dt. 
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If N > 2a, we have 


L 


2e 1 


j-N—2a+l 


dt = Ce N ~ 2a - C', 


which implies 


f \vu £ \ 2 dx > Ce a + Ce a [e N ~ 2a - 1] = 0(e Q ). 
Jn 


If N = 2a. the fact 


r 

r s i 

A t ^~ 2 


—2o+l 


dt. = | lne| + In ■ 


yields 


f | tpu e \ 2 dx > Ce a + Ce“[ln ^ + | Iner|] = 0(e a | lne|). 
Jn 2 


This proves (ii). 

Now, for (iii), since s < a, we have 


/ 


2 (N-s) 2 (AT—a) 

|n e | f \tpu £ \ N- a 

-i —— - ax — - 1 ——- dx 

Jm 


n \ x \ 


M% \X\ 


2(N—s) 


< 


'{M>f} \ x \ 


\U £ \ W-o 

■ ax 


... , 2 (N-s) 

£~ (JV—s)| u (x)| N _ a 


dx 




2(N — s) 

|ri(x)| iv-q, 


dx 


'{M>£} 


< (7 


L 


i 


= Ce 


IM>£} 

N-s 


2N-s 


dx 


Similarly, (iv) follows by 


/ 

Jm. 


I <pu £ 


■ dx 


M N \ x \ 


> 


(cx — N)q 

£ 2 | w (|)| 9 


dx 


'{ N<«> 




|tt(x)|9 


'{M<£} Fl 


dx 


> Ce^ +N ~ 
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Finally, a direct calculation shows that 


\<pu e \ r dx> 

J la 


\U E 


M<! 


/ (cc-N)r fX\. r , 

/ e 2 | u\ — )\ ax 

!{\x l<f> Ve ' 


(oc — N)r 
£ 2 


+N 




u(x)\ r dx 


2c 1 
(ct — N)r 


□ 


> Cs^~^ +N , 

which implies (v). The proof is complete. 

Proof of (i) and ( ii ) of Theorem 1.4: Without loss of generality, we may assume that 
[1 = 1. Let 

Coo = M{Ioo(w) : w € 23 1>2 (y 1_a ,R^ +1 ) \ {0}, (/^(w), to) = 0}, 

where 

i-aiT7 ( m 2 > . 1 f Mx,0)| 2 “ (s) 


1 


I oo{w) = - / w 1 Q |Vu;(x,y)| 2 dxdy- —f 
2 ./n^+1 2* (s) y R j 


dx. 


iRJV FI 

Since 5® is achieved by a radially symmetric function u, is achieved by the extension 
w of u, and w is the ground state solution of (3.4). Hence, 


Coo = 


N-s 

I OL — S 


2(N — s ) v S ’ Q ' 

We claim that I satisfies ( PS) C condition for c £ (0, Coo), that is, for c £ (0, Coo) and any 
sequence {w n } C l (Cq) such that 

I{w n )^c, I'(w n ) —»■ 0, (3.11) 

{w n } possesses a convergent subsequence. We first show that {w n } is uniformly bounded 
in Hq L (Cq). It is easily done for r = 2 since A < Ai. For the case 2 < r < 2* = by 
(3.11), we deduce that if r < 2*(s), 

,1 1 . f \w(x, 0 )| 2 “^ .... 

L -N 1 - dx < c + °^)\\Wn\\ H 0 l i( Cn)> 

and if r > 2 * (s), we have 

(x-wr) [ y 1 -°‘\Vw(x,y)\ 2 dxdy + (-^ - -) f \w(x,0)\ r dx < c + o(l)\\w n \\ H i , Cn) . 
z z a JCn z a r J£l 

Hence, in both cases, {||ic n ||^i (c n )} is bounded. We may show that {w n } is tight as [1], 

and we may assume that, up to a subsequence, 


(x--) [ V 1 a \Vw(x,y)\ 2 dxdy + (- - -^) 

2 r Jc n r 2* a , 


W n ->■ W 


in Hn L (Cci) and L q (Q ,-——), w n (x, 0) —> w(x, 0) in L r (Q). 

’ X s 


Now we show that w n —>• w strongly in Hq l (Cq). Suppose on the contrary, z n = w n — w -/} 0 
in Hq L (Cq). It follows from the Brezis-Lieb Lemma [3] that 


1 I ,1 —a 


'Cn 


y a \Vz n (x, y)\ dxdy — 


and 


f y 1 a \Vz n (x,y)\ 2 dxdy - [ 
JCci J 0 


1 f \z n (x, 0 )| 2 ^^ S ^ 

2 a(s) Jn 

z n (x,0)| 2 “ (s) 


n FI 


dx = c + o(l) — I (w) 
dx = o(l). 
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By the definition of Sf a , 


L 


y a \Vz n (x, y)|" dxdy 


Sf, a ( [ y 1 a \Vz n (x,y)\ 2 dxdy + o{l)) 
J Co 


2 SW 


fCn 

which implies by the fact z n y 4 0 that 

y 1 ~ a \\7z n (x, y)\ 2 dxdy > +o(l). 


L 


We then conclude that 

c+o(l)-I(w) = ^r) [ y 1 ~ a \Vz n (x, y)\ 2 dxdy + o(l) > J* 6 J Sf a )^+o( 1), 

1 Jc n - s ) 

— pp N ~ s 

this contradicts to that c € (0, 2 (n-s) s,a ) a_s ) since /(re) > 0. Hence, we have w n —> w , 
i.e., the (PS) C condition holds. 

Next, it is easy to see that the functional / has the Mountain Pass structure. In order to 
find critical points of I, it is sufficient to show that the Mountain Pass level of / is below 
Cqo. For this purpose, we define 


t z 

foo(t) = — ||rc, 


pX.») 


|2*(s) 


dx. 


) 2 *(s) V |x| 

We may show that the maximum of /oo is achieved at t > 0 and 

foo(t) - Cqq. 

Moreover, t > 0 can be worked out explicitly, see arguments in the proof of Theorem 1.3. 
Let f(t) = I{t{ipw £ )). The maximum of the function f(t) is also achieved at some t £ > 0, 
and t £ —> t as e —> 0. If N > 2a, we infer from Lemma 3.6 that 


t 


f(t e )<-^(\\w £ \\ HlL{Cn) + 0{e a ))-C-t r £ e 2 
So we have 

|2 f ( u £ 


\ _ (a-N)r | N t £ 


2 *(«) 


-( 


(«e) 2 “ (s) 


2 «(s) da M 


+ 0(e w - s ))dx 


P 


fits) < 0 ll^e ll/f i (Cr,) / \ / I Is 

2 "o.r^n; 2 * (s) d R iv |x| s 


dx + - Ce N ~ s . 


Since N > a + we can choose e > 0 small enough such that 

f(te) < Coo- 

This proves (i) of Theorem 1.4 

Now, we prove (ii) of Theorem 1.4. If N > 2a, we have as before that 


P 


n P*^ r (u 

2 L \ a e) i , s~i^N—a 


f{te)<—\\w £ \\ - . 

2 2* (s) Jrjv |x 


r 

Jr 1 


■ dx + CP 


- - Ce 


N-s 


which yields 


for £ small enough. 


/(^e) ^ dx> 
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If N = 2a, similarly we have 

II 2 ^“ (S) f (^) 2 “ (S) 

m -2 2 *wy„ 


/i" FI 

implying 

fits) < oo 

for e > 0 small enough. The proof is complete. 


dx + Ce N ~ a - Ce a I In el - Ce N ~ s , 


□ 


Acknowledgment J. Yang was supported by NNSF of China, No:11271170, 11371254; and 
GAN PO 555 program of Jiangxi. 


References 

[1] B.Barrios, E.Colorado, A.De Pablo and U.Sanchez, On some critical problems for the fractional Lapla- 
cian oprator, J. Diff. Equa., 252(2012) 6133-6162. 

[2] C.Brandle, E.Colorado and A.De Pablo , A concave-convex elliptic problem involving the fractional 
Laplacian, Proc. Roy. Soc. Edinburgh Sect. A, in press. 

[3] H. Brezis and E. Lieb, A relation between pointwise convergence of functions and convergence of func¬ 
tionals, Proc. Amer. Math, Soc., 88 (1983), 486-490. 

[4] H. Brezis and L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical Sobolev 
exponents, Comm. Pure Appl. Math., 36 (1983), 437-477. 

[5] X. Cabre and J. Tan, Positive solutions of nonlinear problems involving the square root of the Laplacian, 
Adv. in Math., 224(2010) 2052-2093. 

[6] A. Capella, J. Davila, L. Dupaigne and Y. Sire, Regularity of radial extremal solutions for some non 
local semilinear equations, Comm, in Part. Diff. Equa., 36(2011) 1353-1384. 

[7] L. Caffarelli and L. Silvestre, An extention problem related to the fractional Laplacian, Comm, in Part. 
Diff. Equa., 32(2007) 1245-1260. 

[8] Daomin Cao, Xiaoming He and Shuangjic Peng, Positive solutions for some singular critical growth 
nonlinear elliptic equations. Nonlinear Anal. 60 (2005), no. 3, 589C609. 

[9] W. Chen, and C. Li and B. Ou, Classification of solutions for an integral equation, Comm. Pure Appl. 
Math., 59 (2006), 330-343. 

[10] A. Cotsiolis and N.K. Travoularis, Best constants for Sobolev inequalities for higher order fractional 
derivatives, J. Math. Anal. Appl., 295 (2004), 225-236. 

[11] M. M. Fall and T. Weth, Nonexistence results for a class of fractional elliptic boundary value problems, 
J. Funct Anal, 263 (2012) 2205-2227. 

[12] R. L. Frank and R. Seiringer, Non-linear ground state representations and sharp Hardy inequalities, 
Jour. Fund. Anal., 255(2008), 3407-3430. 

[13] N. Ghoussoub and C.Yuan, Multiple solutions for quasi-linear PDEs involving the critical Sobolev and 
Hardy exponents, Trans. Amer. Math. Soc., 352 (2000) 5703-5743. 

[14] T. Jin, Y. Li and J. Xiong, On a fractional Nirenberg problem, part I: blow up analysis and compactness 
of solutions, arXiv:1111.1332vl [math.AP] 5 Nov 2011. 

[15] Dongsheng Kang and Shuangjie Peng, Existence of solutions for elliptic problems with critical Sobolev- 
Hardy exponents. Israel J. Math. 143 (2004), 281 297. 

[16] Dongsheng Kang and Shuangjie Peng, Singular elliptic problems in R N with critical Sobolev-Hardy 
exponents. Nonlinear Anal. 68 (2008), no. 5, 1332C1345. 

[17] Gongbao Li and Shuangjie Peng, Remarks on elliptic problems involving the Caffarclli-Kohn-Nirenberg 
inequalities. Proc. Amer. Math. Soc. 136 (2008), no. 4, 1221C1228. 

[18] Lin, Chang-Shou and H. Wadade, Minimizing problems for the Hardy-Sobolev type inequality with the 
singularity on the boundary, Tohoku Math. J., 64 (2012), 79-103. 

[19] E. H. Lieb and M. Loss, Analysis, Graduate Studies in Mathematicas 14, AMS, 2001. 

[20] P. Lions, The concentration compactness principle in the calculus of variations. The limit case (Part 1 
and Part 2), Rev. Mat. Iberoamericana, 1 (1985) 145-201, 45-121. 

[21] G. Lu and J.Zhu, Symmetry and regularity of extremals of an integral equation related to the Hardy- 
Sobolev inequality, Calc. Var. Partial Differential Equations, 42 (2011), 563-577. 

[22] J. Tan, The Brezis Nirenberg type problem involving the square root of the Laplacian, Calc. Var. Partial 
Differential Equations, 42(2011) 21-41. 




FRACTIONAL HARDY-SOBOLEV ELLIPTIC PROBLEMS 


21 


[23] E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull. 
Sci. Math., 229(2012), 521-573. 

[24] P.H.Rabinowitz, Minimax Methods in Critical Point Theory with Applications to Differential Equations, 
CBMS Regional Conference, 65, AMS, Providence, R.I., 1986. 

[25] J. Tan and J. Xiong, A Harnack inequality for fractional Laplace equations with lower order terms, 
Discrete Contin. Dyn. Syst., 31 (2011) 975-983. 

[26] D. Yafaev, Sharp constants in the Hardy-Rellich inequalities, J. Fund. Anal, 168 (1999), 121-144. 

[27] J. Yang, Fractional Sobolev-Hardy inequality in R. N , Nonlinear Analysis: Theory, Methods & Applica¬ 
tions, in press. 


